Spring 2018 MATH2060A 1

Solution to Assignment 12

Section 9.2
1. (a) Let o, := m We have |zp41/2n| = (n+1)/(n+3)=1—2/(n+3), so
lim n<1— |x”“‘) —2>1.
n—00 ||

By the limit version of Raabe’s Test, the series converges absolutely.

An alternate method. Observe that x, < 1/n? and Y., n~? < co. By Comparison

test, E x, converges absolutely since each z,, is positive.

Since limp 00 274" =20 =1£0. Y 27/" diverges.

Since

oaps| (a1l N
= X —=(1+— — <1
|5 (n+1)nt+L = nl ta ¢ ’

as n — oo, we apply the limit version of Ratio Test to conclude absolute convergence.

n! n(n—1)---21 2
An alternate method. z,, = — = # < —- Therefore by comparison
test, the series diverges.
Denote x,, := (—1)" :l_ . Then lim x9,, = 1 and lim x9,—1 = —1. Since there is no
n

limit (let alone tending to 0), Z xy diverges.

We have
((logn) ™™™ =1/logn — 0

as n — 00, by the limit version of Root Test we conclude that the convergence is
absolute.

See if we can find some ng such that
(log n)~ " < n~?
for n > ng. Taking log both sides to get
(—logn)loglogn < —2logn ,

which is
—loglogn < —2,

and it holds for some ng. Hence the series is convergent by Comparison Test.
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(d) Using logn < n, we have

1 1
(logn)loglogn/n — ploglogn/n °

Using loglogn < logn < n we further have

1 11
nloglogn/n = pn/n E ’

As Zn n~t= oo, by comparison test

1 1
Z (logn)loglogn/n = Z E =
n n

That is, this series is divergent.

(e) Use Integral Test to the function f(z) = loglogx to conclude divergence.

4. (b) Denote z,, :=n"e ™. We have |z,|'/" = n/e — oo as n — oo. By the limit version
of Root Test we have divergence. Alternatively,

1 1\" _ 2 1
:n+ (1+> 27(n+ )—>oo.
e n e

Tn+1
Tn

By the limit version of Ratio Test, Z xy diverges.
(c) an = e 198" = 1/n is divergent.

(d) We use Ratio Test. We have

@sa| logn+1) 1

%
|| logn  evntvntl

0,

as n — 0o. By the limit version of Ratio Test, this series is absolutely convergent.

(e) an, = nle™™. By Ratio Test in Limit Form, a,y1/an, = e/(n + 1) — 0, hence it is
convergent.

6. Define f(z) := (az 4+ b)"P. Then f'(z) := —ap(az 4+ b) P! < 0, for z > 1. Moreover,
(az + b)LP |7

R B B dr ) ——F , forp#1
o= ) Gy

1
In(az + b)‘f, forp=1

1 1 1 o p £ 1
— r
= al—p) \ @R+ (at+op1) P
In(aR + b) —In(a + b), forp=1
R 1—
p)1-»
If p > 1, then Rh_r))réo 1 f= (Z(—;—)l)’ by integral test, E (an +b)7P < 0.

R
If p <1, then / f diverges as R — oo, by integral test, Z(an + b)"P diverges.
1
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_ n+1 _)1
2n+3 2

n!
7. (a) Denote x,, := 55 7@t D) Then

By the limit form of Ratio Test, Z xy converges absolutely.

Tn41
Tn

<1

(b) an = (n)2/(2n). As any1/an = (n+1)2/(2n +1)(2n +2) — 1/4, it is convergent by
Ratio Test (Limit Form).

2.4 (2n) o + 2 1
D t = . Th = -1 = —
(¢) Denote o= o G 1y T | 7 | T s o+ 3

1 1
lmn(l—-(1- =—,
n—o00 2n+3 2

which implies that the series diverges by the limit form of Raabe’s Test.

Tn+1

. Therefore,

8. Note that this series is a rearrangement of a,a?,...,a" 1, a", ..., which we already know

is absolutely convergent.
Root test:
Un _ am=D/n = 2k;
a7 = a1 = 2k-1.

In both cases |x,|'/" < 1. By root test, the infinite series is convergent.
Ratio test:
It _9ja>1 Vn=2k+1,keN
Tn
and

Tl _ 2 21 Wn=2kkeN
L,

We can’t use ratio test to judge if this series is convergent.

17. Applying the limit version of Raabe’s Test

n<1—xn+1>:n(q_p)—>q—p, as n — 00 .
T q+n+1

Therefore, we have convergence if ¢ — p > 1 and divergence if ¢ — p < 1. When ¢ = p + 1,
Yonn=2>,1/(g+n) =00, so we have divergence in this case.

19. We adopt the notation in the question. Since by = VA — /A; and b, = VA — 4,1 —
vVA—A, >0,

N
Zbk:\/z—\/A—AN—)\/ZaSN—}OO.
k=1

Hence the series converges. Now, let us verify that lim,, o a, /b, = 0. For n > 1,

An_An—l [27%
b,=+vVA—-A,1—\VA-A, = = .
v 1=V VA- A, +VA-A, JA-A,_ +JA- A4,

Using the fact that lim,, ., 4, = A, we conclude that

Z—":\/A—An,1+\/A—An—>0asn—>oo.
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20. Let b, = ayn/\/ A, where A, is the nth partial sum of ) a,. It is clear that
lim (b,/a,) =lim1/y/ A, =0

since ) ay, is divergent. Now we prove Y b, is also divergent.

M M
b= b= an/VAu=+Ay YMeN
n=1 n=1

Letting M — oo, we have the desired conclusion.



